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Vector Space

* A vector space is a mathematical structure

formed by a collection of vectors: objects that

may be added together and multiplied ("scaled")

by numbers, called scalars in this context.
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Vector addition : a vector
v (blue) is added to another
vector w (red).

scalar multiplication: w is
stretched by a factor of 2,
yielding the sum v + 2-w.



Vector Space (Contd.)

= A vector space is defined as a nonempty set V of
entities called vectors and associated scalars that
satisfy the conditions outlined in Condition A and B in
following slides.

= For example; with any two vectors a and b in V all their

linear combinations a.a + a,b (a0, any real numbers)
are elements of V

= A vector space is real if the scalars are real numbers; it
Is complex if the scalars are complex numbers.



Vector Space (Contd.)

» Condition A: Thereis in Vi.e. vector space an
operation called vector addition, denoted x + v,
that satisfies following rules:

1. x +y =y + x for all vectors x and y in the space.
2.x+(y+z)=(x+y)+zforall x,y, and z.

3. There exists in V a unique vector, called the zero
vector, denoted by 0, suchthatx + 0 =xand 0 + x = x
for all vectors x.

4. For each vector x in V, there is a unique vector in V,
called the negation of x, and by denoted —x, such that x
+(-x)=0and (-x)+x=0.



Vector Space (Contd.)

* Condition B: There isin V an operation called
multiplication by a scalar that associates with each scalar
c and each vector x in V a unique vector called the
product of ¢ and x, denoted by cx and xc, and which

satisfies:
1. c(dx) = (cd)x for all scalars ¢ and d, and all vectors x.

2. (c + d)x = cx + dx for all scalars ¢ and d, and all vectors x.
3. c(x +y)=cx +cy for all scalars ¢ and all vectors x and y.

4. For every xinV

1x = x (for all vectors x)



Summary: Vector Space

* Notes:
(1) A vector space consists of four entities:

a set of vectors, a set of scalars, and two operations

V :nonempty set
c:scalar
+(u, v) = u+ v[] vector addition

e(c,u)=cul’ scalar multiplication

(7, +, o) iscalleda vector space

(2) ¥ ={0}1 zero vector space



Examples of vector spaces

(1) n-tuple space: R"

The euclidean space R", with the following
operations

(l/ll,l/lz ,M un) + (Vl,Vz ﬂ Vz) — (ul TV, Uy, TV, ﬂ u, +Vn) vector addition

ke(uy,uy 8 u,) = (kuy,kuy M ku,) scalar multiplication

satisfies all the rules outlined in Condition A & B, iIs

the primary example of vector spaces.



Examples of vector spaces

(2) Matrix space:} = Mthe set of all m>n matrices with real values)

Ex: :(im=n=2)

u u A% 1Y u.,, +v U~ +v

1 Up 1 11TV 12 TV .

{ } + { } = { } vector addition
Uy Uy Vor Vy Uy +Vy Uy TV

u, U ku,.  ku
k{ & 12} = { & 12} scalar multiplication
Uy Uy, kuy,  ku,,



Vector Space (Contd.)

We are interested particularly in real vector spaces of real
mx1 column matrices. We denote such spaces by ",
with vector addition and multiplication by scalars being as
defined earlier for matrices. Vectors (column matrices) in

R are written as




Vector Space (Contd.)
Example
The vector space with which we are most familiar is the
two-dimensional real vector space R?, in which we make
frequent use of graphical representations for operations
such as vector addition, subtraction, and multiplication by
a scalar. For instance, consider the two vectors

1] [

Using the rules of matrix addition and subtraction we have

3 1
4 -2



Vector Space (Contd.)

Example (Con’t)
The following figure shows the familiar graphical
representation of the preceding vector operations,

as well as multiplication of vector a by scalar ¢ =
-0.5.



Subspaces of Vector Spaces

Consider two real vector spaces W and V such that:

e Each element of W is also an element of V (i.e., Wiis

a subset of V).

e Operations on elements of W are the same as on
elements of V. Under these conditions, W is said to

be a subspace of V.

e Note: The set consisting of only zero vector in a

vector space Vis a subspace of V, called the zero

subspace and written as {0}



Test for a subspace

If W 1s a nonempty subset of a vector space V/, then W 1s

a subspace of V' i1f and only if the following conditions hold.

1. The zero vector of V1sin W.
2. If uw andv arein I, then utv i1sin W.

3. Ifuisin W and cis any scalar, then cu 1s in W.



Summary: Subspaces of Vector Spaces

e Subspace:
(V,+,8) :avector space
W #¢
wcv

(W ,+,e) :a vector space (under the operations of addition and
scalar multiplication defined in V)

} : a nonempty subset

— W is a subspace of V'
= Trivial subspace:

Every vector space V' has at least two subspaces.

(1) Zero vector space {0} is a subspace of V.

(2) V1s a subspace of V.



Test for a subspace: Example

» Let W be the set of all points in R? of the form

(3s, 2+5s). Determine if W is a subspace of R?.

Solution:
It can be seen that zero vector of R? is not in

W. As if (3s,2+5s) were to be zero for some s,
then both 3s and 2+5s would be zero, which is

impossible. Thus W is not a subspace of R?.



Example 1: (The set of singular matrices 1s not a subspace

oszxz)

Let IV be the set of singular matrices of order 2. Show that

W is not a subspace of M, , with the standard operations.

Sol:

1 O 0 0
A= eW,B = eWw
0 0 0 1

1 O
A+ B = e W
0 1

".W, 1s not a subspace of M, ,



- Example 2: The set of first-quadrant vectors is not a subspace of R
Show that p _ {(x,,x,):x, > 0and x, >0} > with the standard

operations, is not a subspace of R?

Sol:
Letu=(, )eW

U (~Du=(-1)1,1)=(-1,-1)ew

(W 1s not closed under scalar multiplication)

. W is not a subspace of R’



Spanning Sets and Linear
Independence

» Linear combination
A vector u 1n a vector space V 1s called a linear combination of
the vectors v,,v,,l ,v, iV if u can be written in the form
u=¢Vv,+cv,+.. +cv,,

where ¢, c,,... , ¢, are real-number scalars



Example : Finding a linear combination

v, =(1,2.3) v,=(0,1.2) v,=(-1,0,1)
Prove (a) w=(1,1,1) is a linear combination of v, v,, v,

(b) w=(1,-2.2) 1s not a linear combination of v, v,, v,
Sol:
(@A) W=c,v,+c,V, +c,V,

(1,1,1)=¢,(1,23)+¢,(0,1,2)+ ¢, (- 1,0,1)
=(c, —¢5,2¢c,+¢,,3¢c, +2¢, +¢;)

C -c¢; =1
= 2¢,+ ¢, =1
3¢, +2¢c,+c; =1



Example : Finding a linear combination (Contd.)

1 0 —-1]1 1 0 —-1] 1
=12 1 0|1 OB 5 10 1 2 | =1
3 2 1 |1 0 0 00|

=>c =1+, ¢c,=-1-2¢, ¢; =t

(this system has infinitely many solutions)

t=1
=W =2V, =3V, +V,

t=2
=W =3V, —5v, +2v,

i



Example : Finding a linear combination (Contd.)

(b)

W=cV,+C,V,+CV,

1 0 —1] 1 1 0 —-1] 1
=2 1 0 |-=-2 61k s 10 1 2 |—-4
32 1|2 00 0| 7|

—> This system has no solution since the third row means

0-¢,+0-¢,+0-¢c; =7

—> w can not be expressed as ¢, v, +¢,v, +¢,V,



Linear Combination (Contd.)

1 If V., ....,V, are vectors in R"-then the set of
all possible linear combinations of Vo) weesfVp
is called the subset of R" spanned (or

generated) by {v., ....,v, } and is denoted by

span {v, ....,v, }



Span

[ Thatis Span {v, ....,v, }is the collections of all

vectors that can be written in the form

XV XV, + o+ XV, with x,,...x_scalars (i.e.

weights).

[l For example, the following vectors are all in
Span {"1' "2}

1 2
v, +Vv,, v,—Vv,, 20 +7v, —V, +—=V,
3 3




Example: 1

Let W be the set of all vectors of the form (a - 3b, b —a, a, b),

where a and b are arbitrary scalars. Thatis, letW={(a-3b, b

—a, a, b): aand b in R}. Show that W is a subspace of R*.

Solution: Writing the vectorsin Was [ 4, _3p] 1 [ _ 3]
column vectors. Then an arbitrary h—y _1 1
vector in W has the form: =d +b

a 1 0
The calculations shows that b 0 1
W = Span{v_,v_}, where v_and v, are ] ] A ] $_
the vectors indicated here. Thus W is

V1 V2

a subspace of R%.



I 5 —3]
Letv,=|-1|v,=|-4|v,=|1
-2 -7 0

,andy =

Example: 2

For what vaIue(s)_of h will \_/ bé in Span _{Vl,_VZ,V3}

Solution: The vector y belongs to
Span {Vl,Vz,V3}, if and only if there

exists scalars XXX, such that :

Now this vector equation is
equivalent to a system of three
equations in three unknowns. The
augmented matrix for the system is:

X1

+ X,

T X3




* |f we row reduce the augmented matrix for

Example: 2

the system, we find that:

[ § -3
-1 -4 1
-2 -7 0

1 5
=0 1
_0 3

-3
-2
-6

4|

-1

h-8

[
0
0

N
1
0

3
-2
0

-4

1
h-5

* The system is consistent, if and only if there is
no pivot in fourth column, i.e. h-5 must be
zero. Therefore, y is in span {V1,V2,V3}, if and

only if h =5.




Exercise: 1

1 —2 -6 11
Letv,={0,v,=|1 [vy;=|3 |, andb=|-5
1] =2 =3 9 |

Determine if b be is in Span {Vl,Vz,V3}

Sol: Yes, as row reducing the augmented matrix [A b],
where, A =[V_ V,V_]yields that the system is consistent
independent i.e. a solution does exist implying b is in
Span {V_,V_V._} _ _

b3 I -2 -6 | 11

0 1 3 [|-5

0 0 1 |-2




Exercise: 2

Determine if b is 1 0 2 -5
linear combination LetA=|-21 0|andb=|11

of the columns of 2 1 8 _7
matrix A. - - RE—

Sol: No, as row reducing the augmented matrix [A b],
where, A= [V V, V3] vields that the system is inconsistent
i.e. a solution does not exist implying b is not in Span A=

[Vl,Vz,V3] or b is not a linear combination of the columns
of matrix A. -

0 2 |-
1 4 |1
0 0 |2

1
0
L




Spanning set of a vector space

= The span of a set: span(S)
[tS={v,v,...,v | 1s aset of vectors in a vector space V,

then the span of S 1s the set of all linear combinations of

the vectors 1n S,

span(S) ={¢,v, +¢,v, +0 +¢,v, | V¢, € R}

(the set of all linear combinations of vectors in .S)

= Definition of a spanning set of a vector space:

If every vector 1n a given vector space V can be written as a
linear combination of vectors 1n a set .S, then S 1s called a
spanning set of the vector space V'



= Note: The above statement can be expressed as follows
span(S) =V
< § spans (generates) V
<> V 1s spanned (generated) by S
<> § 1s a spanning set of V

« Example:
(a) The set S ={(1,0,0),(0,1,0),(0,0,1)} spans R’ because any vector
u=(u,u,,u,)in R’ can be written as
u =1 (1,0,0)+u,(0,1,0) +,(0,0,1)



Example : A spanning set for R’

Show that the set S = {(1,2,3),(0,1,2),(—2,0,1)} spans R’
Sol:
We must determine whether an arbitrary vector u = (u,,u,,u,)
in R’ can be expressed as a linear combination of v,=(1,2,3),
v,=(0,1,2), and v, = (-2,0,1)
Ifu=cv, +cv,+cv, = ¢ —2c; =y,
2¢, + c, =u,

3¢, + 2¢,+ ¢; =u,

The above problem thus reduces to determining whether this

system 1s consistent for all values of u,, u,, and u,



% 1f A 1s an nvertible matrix, then the system of

1 0 -2
linear equations Ax = b has a unique solution (x
; q
‘A‘ =2 1 00 _ A'b) given any b
3 2 1 < a square matrix A is invertible (nonsingular) if

and only 1f det (4) #0

.. AXx =u has exactly one solution for every u
= span(S) = R’
= Note:

= For any set S| containing the set S, if § can span R, §, can span R? as well
(e.g., 8 ={v,,v,,v,,v,} ={(1,2,3),(0,1,2),(-2,0,1),(1,0,0)} )-

= Actually, in this case, what S, can span is only R3. Since Vi,
v,, and Vv, span R, v , must be a linear combination of v, v,
and v,. So, adding v, will not generate more combinations.

3
As a consequence, V,, V,, V,, and v, only can span R



span($) is a subspace of V'

[t S={v,, V,,..., v, } 18 a set of vectors in a vector space V, then
(a) span(S) 1s a subspace of V

(b) span(S) 1s the smallest subspace of } that contains S, 1.e.,

every other subspace of V' containing S must contain span(S)

any subspace

containingS




Proof:

(a)

Consider any two vectors u and v in span(S), that 1s,

u=c,v,+c,v, +l +c,v, and v=d,v, +d,v, +ll +d v,

Then u+v=(¢c,+d,)v, +(c,+d,)v, +ll +(c,+d, )v, €span(S)
and cu=(cc, )v, +(cc,)v, +0 +(cc,)v, €span(S), because they

can be written as linear combinations of vectors in S.

So, according to Thm. 4.5, we can conclude that span(S) 1s a

subspace of V.




span(S) is a subspace of V :Example

Now example 1 of preceding section i.e.

For what value(s) of h will y be in Span {V_,V,V.}
1 (5 (-3 —4 |
Letv,=|-1|v,=|—-4|vy=|1 |, andy=| 3
-2 — 7] 0 | _h 1

Can be rewritten as follows:

= For what value(s) of h will y be in subspace of R>
Spanned by {V ,V,V.}



Linear independence

. .
Consider an n X n matrix dy dyp B 4,
A= Ay Ay i a,,
X N X X
_anl anz M ann_

This matrix can be viewed as an ordered set of column

vectors: A:[V1 v, [ Vn]
d d,
a a
Where ,, _| 721 _|,722 , etc.
Vi=l o V, =
i A
_anl_ _an2_




Linear independence: Definition

A set of vectors is linearly dependent, if and only if we
can find a set of scalars (i.e. weights) , not
( ghts) X, X, ,xn(

all of which are zero) such that
xv,+x,x,+ +x x =0——>(vector equation of homogenous system)

If such a set of scalars cannot be found i.e. the vector
equation has only trivial solution (i.e. all scalars are

is said to be

n

zero), then set of vectors v vy v

linearly independent.



Example 1: Testing for linear independence

Determine whether the following set of vectors in R* is L.I. or L.D.

S={v;,v,,v;} ={(1,2,3),(0, 1,2),(-2, 0, 1)}

Sol: C —2¢, =0
v, +e,v,+ev, =0 = 2¢0+ oo+ =0
3¢, +2¢c,+ ¢, =0

1 0 -21]0 1 0 0]0]
=21 00| _c1e. o 1 0o
32 10 0 0 10

= ¢, =c, =c, =0 (only the trivial solution)
(or det(4) =—1+ 0, so there 1s only the trivial solution)

= S 1s (orv,,v,,v, are) linearly independent



Example 2: Testing for linear independence

= Determine whether the following set of vectors in
the 2x2 matrix space is L.I. or L.D.

S={V1»V2’V3}:{3 HB ?H; 8}}
Sol:

cv+cv+c3v3—0

2 1 3 0 1 0 0 O
0 1 2 1 2 0 0 O



Example: 2 (Contd.)

= _
26‘1‘|‘302‘|‘ c, 0

c, =(
202+203=O
clJrc2 =(
(2 3 1]0 1 0 010
[T 0 0]0 G._J'E.\010o
0 2 210 10 0 110
1 1 0]0] 00 0|0

= ¢, =c,=c,=0 (This system has only the trivial solution)

= S 1s linearly independent



* A property of linearly dependent sets
AsetS= {"1"’2"""’k}' k>2, is linearly dependent if and

only if at least one of the vectors v, in S can be written as

a linear combination of the other vectors in S

Two vectors u and v 1n a vector space / are
linearly dependent 1f and only 1f one is a scalar

multiple of the other



Exercise: 1

[ 0] 0 [ —8 |
Let vi=|—-6| v,=| 4| v;=|—-4 |
1 -2 3

Determine if the set {v_, v,, v} is linearly independent

Solution
We must determine if there is a nontrivial solution for given
homogenous system using row operations on the associated
augmented matrix

_RD_ =

00 8PlR [12 3] [ el i d

6 4 4|0 > -6 4 40| 2T 08 1W[0[ >[0T 274 [0
2 -

12 300)  Joo-slo] o080 00 1l

Since, it can be seen from reduced echelon form that x,=x,=x,=0
i.e. Trivial solution only, implying given set of vectors {V1' 5 v3} is
linearly independent.




Exer_cise: 2

1 -2 8
Let vi=|2|, v,=| 1| v,=|6
3 1 110 |
Determine if the set {v,, v,, v,} is linearly independent

Solution
Using row operations on the associated augmented matrix yields

row echelon matrix given below

1 -2 810

X X, ¢ basic variables
01 -210 x,: free variable
O 0 010

Therefore, each non-zero value of X, determines a nontrivial
solution of giver linear system. Hence, v, ,v,,v, are linearly
dependent (i.e. not linearly independent).



Exe_rgise: 3

3 3 1
Let vi=|=-2| v,=|-1|, vy=|0 |
2 4| 5

Determine if the set {\;1, V,, V,} is Iiﬁearly independent
Solution

Using row operations on the associated augmented matrix yields
row echelon matrix given below

1 1 1/3|0
Xy Xy p Xy ! basic
01 2/310 variables
_O 0 1 O_

Since, it can be seen from row echelon form that this matrix can be
row reduced to obtain X,=X,=X,=0 i.e. Trivial solution only,
implying given set of vectors {v,, v, v,} is linearly independent.



Basis & Dimension

* A basis for a vector space Vis a linearly independent
spanning set for V, i.e. if a set of vectors B = {vl’VZ""’Vn}
are linearly independent and span the vectorspace V,

then the set B is called a basis for the vectorspace V.

* The number of vectors in the basis for a vector space is

called the dimension of the vector space.

* If, for example, the number of vectors in the basis is n,

we say that the vector space is n-dimensional.



Basis & Dimension (Contd.)

An important aspect of the concepts just discussed lies
in the representation of any vector in ™ as a linear

combination of the basis vectors. For example, any

vector - .
X1

X = X2

A3

in }> can be represented as a linear combination of the basis
vectors

, and | O




Exercise: 1

1 0 (=53] 1 2

0 1 —4 -3 1
Let v, = _3,V2— 5 ,Vy = , Vy= _8,andV5= ¢

| 2 =3 6 | 7 9
Find bases of Span {Vl,Vz,V3, V4,V5} i.e. find which of the

columns in Span {V1'V2'V3' V4,V5} are linearly independent.

Sol: Simply writing the five column vectors as a matrixi.e.,, A=[V V,

V,V, V] and row reducing the matrix :

1 0 -3 1 2 1 0 -3 1 2
O 1 -4 -3 1 O 1 -4 -3 1
A= ; Row Echelon =
-3 2 1 -8 -6 o 0 0 1 -2
2 -3 6 7 9] o 0 0 o0 0




Exercise: 1 (Contd.)
* Row reducing the matrix to row echelon form

yields that only {V_,V,,V,} are pivot columns
i.e. linearly independent, indicating bases of

Span {Vl,VZ,V3, V 4,VS}:

| 0 |

0 | -3
B = , , >

—311|2 -8

k_2 11317 |



Null space of the matrix (Nul A)

Consider the following system of homogenous equations:
X, - 3x2- 2x3= 0

-5x, + 9x2+ Xy = 0
In matrix form this system can be written as:A{

e Recall that the set of all x that satisfy given
homogenous system is called the solution set of the

system.

* The kernel or null space (also nullspace) of a matrix A is
the set of all vectors x for which Ax = 0.



Null space of the matrix: Example

Let A:{
-5

1 -3

9

_2}
,and u =
1

Determine if u belongs to the null space of A.

5
3|
2_

To determine whether u belongs to null space of A or not, we simply

need to check whether Au = 0 or not.

1

Thus Au:{
-5

-3
9

-2
1

|

S
3

_- 2_

0
= {O} => Thus u is in Nul A.

From above example, it can be seen that the null space of a matrix
with n columns is a subspace of n-dimensional Euclidean space, as it
is an essential requirement to define multiplication (Au).



Subspace properties

The null space of an m x n matrix is a subspace of R".
That is, the set Null(A) has the following three
properties:

1. Null(A) always contains the zero vector.
2. 1f x € Null(A) and y € Null(A), then x + y € Null(A).

3. If x € Null(A) and cis a scalar, then c x € Null(A).

Here are the proofs

1. A0 =0.
2.1f Ax=0and Ay =0, then A(x +y) =Ax+Ay=0+0=0.

3. If Ax=0and cis a scalar, then A(cx) = cAx=c0 =0.



Null space of the matrix: Basis (contd.)
= The null space of a matrix is not affected by elementary

row operations. This makes it possible to use row
reduction to find a basis for the null space i.e.

* Input an m x n matrix A.

* OQutput a basis (linearly independent spanning set) for the null
space of A

Procedure:

1. Use elementary row operations to put A in reduced row echelon

form. For example, suppose that the reduced row echelon form
of A is: _

1 0-3 0 2 -8]
0 1 5 0-1 4
0 0 0 1 7 -9
00 0 0 0 0



2.

o OO -

Null space of the matrix: Basis (contd.)

Interpreting the reduced row echelon form as a
homogeneous linear system, determine which of the
variables X, Xop weey X _ATE free. Write equations for the
dependent variables in terms of the free variables. That
is, the solutions to the homogeneous system given in in

parametric form with x,, x_, and x_ as free variables are:

0 -3 0 2 -8] T1 = 3x3 — 225 + 8xg
1 5 0 -1 4 =

=I> Ty = —Hx3 + x5 — 4z
o 0 1 7 -9 v 9
0 0 0 0 0 Ty = — (ZT5 + IZTg.



Now solutions to the homogeneous system given in in
parametric form with x, x,, and x, as free variables can be
re-written into a linear combination of vectors where the weights

are the free variables, thatis: _ _ . . .

I 3 —2 8
= 3x3 — 225 + 8z 2 = l —4
= { T3 o 1 0 0
— —r)a?.{ I .’1?5 ma— 4:1:(; 1:4 _l‘3 0 +I5 _7 +‘T‘6 9 .
- — 725 + 9x. X5 0 1 0
R
u \"4 w

For each free variable x, choosing the vector in the null space for
which x. = 1 and the remaining free variables are zero.

= x3u + XSV + X6W
Note every linear combination of u, vand w is an element of Nul

A. Thus, {u,v,w} is a linearly independent spanning set (basis)
for Nul A.



Null space of the matrix: Basis (contd.)

3. The resulting collection of vectors is a basis (linearly

independent spanning set) for the null space of A, i.e.

the three vectors

are a basis (spanning set) for t

9"

ne Nu

| space of A,

implying Dimension of null space = 3, as it
contains 3 linearly independent vectors .



Null space of the matrix: Basis (contd.)
* Bases are not unique

The null space of a matrix A can have several different bases.
Now that we know that dimension of null space is 3, any
three independent vectors from the null space of matrix A can
serve as bases. For example; let X,=1, x.=x.=0; & X;=5,

x3=x6=0; & x6=2, x3=x5=0; (remember, x

rvoviasodal o o)

» X: & x are free

> With x,,x,,x. being free varaibles




Exercise: 1

Find a linearly independent spanning set (basis) for the null space of the matrix
-3 6 -1 1 -7
A=|1 -2 2 3 -1
2 -4 5 8 -4

basis (linearly independent spanning set) for the null space
of A is consists of

‘— = - - - —

(Y

> With x,,x ,,x; being free varaibles

S O O =N
|
N\

_— O N O




Exercise: 2

Find a linearly independent spanning set (basis) for the null space of the matrix

1 -2 1 0 1
A=|-1 1 0 -2 2
2 0 3 -2 4

basis (linearly independent spanning set) for the null space
of A is consists of

 — —

-2|[ 11/5 ]
0 1/5

312 || —14/5 |y with x,,x; being free varaibles
1 0

0 1

- - L -




Column space of the matrix (Col A)

* The column space of a matrix (sometimes called the
range of a matrix) is the set of all possible linear

combinations of its column vectors.

= The column space of an m x n matrix A is a subspace of
m-dimensional Euclidean space, as columns of matrix A

each have m entries.

= The dimension of the column space is called the rank

of the matrix.



= Let A be an m x n matrix, with column vectors ViV ey VLA linear
combination of these vectors is any vector of the form:

XV, XV, + XVt XV where X, X,y wey X_Qr€ scalars.
» The set of all possible linear combinations of VeV IS called the

column space of A. That is, the column space of A is the span of the

vectors ViV, .

1 0] I 0
Example: If A=|0 1 |thenthe column vecrorsarev,=|0| & v,=|1
2 0 2 0

A linear combination of v, and v, is any vector of the form

/ O| | % | The set of all such vectors
.X] 0 +x2 ] — x2

2 0 2x,

Is the column space of A.




Column space of the matrix (cont)

Any linear combination of the column vectors of a
matrix A can be written as the product of A with a

column vector, i.e.: T

= Therefore, the column space of A consists of all possible

products Ax, for x € R".

= This is the same as the image (or range) of the

corresponding matrix transformation.



Column space of the matrix: Basis

= The columns of A span the column space, but they may
not form a basis if the column vectors are not linearly

independent.

= Since, elementary row operations do not affect the
dependence relations between the column vectors. This
makes it possible to use row reduction to find a basis

for the column space.



= Example: Consider the
matrix A, and find basis
for the column space

Solution:
The columns of this matrix span the column space, but they may
not be linearly independent, in which case some subset of them
will form a basis. To find this basis, we reduce A to reduced row

echelon form:

3

~J

o Ot

1 4]

3
3
0

o - O

1
0
0

0

N = W

—1

[ ST

(SV)

—1

4
1
-3
1

oo o -

A=

oo - 0O

e el A B

o Ot 1 W

o W W =

oo o -

oo = O

00 = O =

—-

=9

—

o O =

o O O

At this point, it is clear that the first, second, and fourth columns are
linearly independent, while the third column is linearly dependent as

it is a linear combination of the first two. (Specifically, v,

—2v, +V,.)



Example (contd.)
Therefore, the first, second, and fourth columns of the
original matrix are a basis for the column space:

1

2
1 .
_1-

o

3

~—

7
5 !
2-4

Y
1
3

-

= Note that the independent columns of the reduced row

echelon form are precisely the columns with pivots.

= This makes it possible to determine which columns are

linearly independent by reducing only to echelon form.



Exercise: 1

Find a linearly independent spanning set (basis) for the column space of the matrix
1 -2 1 0 1]
A=[-1 1 0 -2 2
2 0 3 -2 4

basis (linearly independent spanning set) for the column
space of A is consists of

— -1 - =4 .

si=14 1 | 0| withv,v,,v, being linearly independent




Contrast between Nul A & Col A

= The null space and column space of a matrix are quite
dissimilar, as subsequent examples will show. However, there is
a connection between them, that will be studied later on.

2 4 -2 1
EXAMPLE : LetA=|-2 -5 7 3
3 7 -8 6

2. If the null space of A is the subspacé of R, what is K?

v.  If the column space of A is the subspace of R¥, what is K?

= Solution (a): A vector x such that Ax is defined must have
four entries, so Nul A is subspace of R* when k = 4

= Solution (b): The columns of A each have three entries,
so Col A is a subspace of Rwhen k=3



Exercise: 1

3.

2 -6
-1 3
EXAMPLE : Let A=
-4 12
L 3 - 9_

If the null space of A is the subspace of R¥, what is K?

If the column space of A is the subspace of R, what is K?

Solution (a): A vector x such that Ax is defined must have
two entries, so Nul A is subspace of R when k = 2

Solution (b): The columns of A each have four entries, so
Col A is a subspace of R when k = 4




Contrast between Nul A & Col A: Example 2

Find a nonzero 7 4 -2 1
vector in Nul A an.d LetA=|—2 -5 7 3
a nonzero vector in

Col A. 37 -8 6

= Solution (a): To find a nonzero vector in Nul A, we have to do
some work i.e. row reduce the augmented matrix [A 0] to obtain

1 0 9 0 0]
4 0]=|0 1 -5 0 0
0 0 0 1 0

=>x, =-9x,x, =5x; & x, =0

-9

= Since, X, is a free variable, so assigning 5
X, =1, yields a vector in Nul A, namely 1

0




Example: 2 (contd.)
= Solution (b): It easier to find a nonzero vector

in Col A, as any column of A will do, say

columntie.[2 -2 3]' or[ - _-




Exercise: 2

Find a nonzero 2 -6
I -1 3

vector in Nul A an.d Lot A=

a honzero vector in -4 12

Col A. 3 -9

Solution (a): To find a nonzero vector in Nul A, we have to do
some work i.e. row reduce the augmented matrix [A 0] to obtain

1 -3]0
0O 070
[A O]z o olo => X, = 3X,
0O 010 -

Since, x, is a free variable, so assigning x, =1,
yields a vector in Nul A, namely |




Contrast between Nul A & Col A: Example 3

_ _ 3 .
2 4 -2 1 , 3
LetA=|-2 -5 7 3|lu= '1 andv =| -1
3 7 -8 6 ] 3
| _ 0 | _

a. Determine if uis in null space of A (Nul A). Could u be in
column space of A (Col A) ?

b. Determine if vis in column space of A (Col A). Could v be
in null space of A (Nul A) ?

= Solution (a): To determine whether u belongs to null space of A or
not, we simply need to check whether Au = 0 or not.

_ R L o - .
>4 2 1 0 0 S(_), uis notin Nul A, and
y .5 7 3|72 31200 with four coordinates u
R 117177177 could not possibly be in
3 7 =8 6y | 3] 1% ColA, since ColAis a

subspace of R®.



= Therefore, to determine whether v belongs to Col

Solution (B): Since, a typical vector v in Col A has the

Example: 3 (contd.)

property that equation Ax = v is consistent.

space of A or not, we simply reduce [A v] to an
echelon form.

It is C

2
-2
3

4
-5
7

-2 1
7 3
-8 6

R
-1
R

2
0
0

4
1
0

can be concluded that vis in Col A.

-2
-5
0

1
-4
17

3
-2
1

However, with only three coordinates v could not
possibly in Nul A, as Nul A is a subspace of R%.

ear that the equation Ax = v is consistent, so it



Exercise: 1

Find a spanning set (basis) for the null space & column space
(i.e. range) of the matrix A

11 2 4)
1 1 3 5
A =

0 0 -1 -1
o0 1 1)

basis (linearly independent spanning set) for the null space
of A is consists of




Exercise: 1 (contd.)

basis (linearly independent spanning set) for the column
space (or range) of A is consists of

It can be checked that A is not invertible i.e. is singular.

Because the determinant for such matrix should be 0.

11 2 4) 1 1 2 4)
1 1 3 5 0 0 1 1
det = det =(
0 0 -1 -1 0 0 0 O
0o 0 1 1 0 0 0 0,




Exercise: 2

Find a spanning set (basis) for the null space & column space
(i.e. range) of the matrix A ‘6 —10 3
A=l4 -7 2
2 -4 1,

basis (linearly independent spanning set) for the null space
of A is consists of




Exercise: 2 (contd.)

basis (linearly independent spanning set) for the column
space (or range) of A is consists of

It can be checked that A is not invertible i.e. is singular.

Because the determinant for such matrix should be 0.

6 —-10 3
det4A=4 -7 2/=0
2 -4 1




Exercise: 3

Find a spanning set (basis) for the null space & column space

(i.e. range) of the matrix A

2 4 -2 -4
A=] 2 -6 -3 1
-3 8 2 -3

basis (linearly independent spanning set) for the null space
of A is consists of




Exercise: 3 (contd.)

basis (linearly independent spanning set) for the column
space (or range) of A is consists of




Row space of the matrix (Row A)

= The row space of a matrix is the set of all possible

linear combinations of its row vectors.

= The row space of an m x n matrix A is a subspace of
n-dimensional Euclidean space, as rows of matrix A

each have n entries.

= The dimension of the row space is called the rank of

the matrix.



= Let A be an m x n matrix, with row vectors e A linear

combination of these vectors is any vector of the form:
D WD & . N X r where X, X5y w0y X AFE scalars.

» The set of all possible linear combinations of PRI N called the row
space of A. That is, the column space of A is the span of the vectors

G
- AT —O—T
I 0 2
Example: If A = . ,then the row vecrors arer,=|0| & r,=|1
2 0

A linear combination of r, and r, is any vector of the form

X, (1,0,2)+ X, (0,1,0) = (xl, x2,2x1)

The set of all such vectors is the row space of A.




Row space of the matrix : Basis

The row space is not affected by elementary row

operations. This makes it possible to use row reduction

to find a basis for the row space.

1 3¢9
For example, consider the matrix 4 — |9 7 4|
1 O 2

The rows of this matrix span the row space, but they
may not be linearly independent, in which case the
rows will not be a basis. To find a basis, we reduce A

to row echelon form, r_, r,, r, represents the rows



Row space of the matrix : Basis (contd.)
1.8 2 1 '3 2 1 3 2] 1 3 2
2 74 ~ |01 0| ~ |01 0] ~ |010
_1 5 2.‘ To—21 _1 5 2-‘ T3—7T1 _O 2 0.. T3 —279 _0 0 O_

= Once the matrix is in echelon form, the nonzero rows are a basis
for the row space.
= In this case, the basisis { (1, 3, 2), (0, 1, 0) }.

= Another possible basis { (1, 0, 2), (0, 1, 0) } comes from a further
reduction.

* The dimension of the row space is called the rank of the matrix.
This is the same as the maximum number of linearly independent
rows that can be chosen from the matrix. For example, the 3 x 3
matrix in the example above has rank two.



Exercise: 1

Find bases for the row space, column space & null space
of the matrix A

-2 -5 8 0 -17
1 3 -5 1 5

A =
3 11 -19 7 1
1T -13 5 -3

To find bases for the row space and the column space, row
reducing A to row echelon form

3 -5 1 S
1 -2 2 -7
0 0 -4 20
0 0 0 0

A —

row echelon

oS O o =




Exercise: 1 (Contd.)

Once, A is reduced to row echelon form, the non zero rows

are bases for the row space . Thus;

Bases for Row (A) ={(1,3,-5,1,5), (0,1,-2,2,-7), (0,0,0,-4,20)}

For the column space, it can be seen that pivots are in Column 1, 2

and 4 of row echelon form;

(2N =5\ (0)]

| -3 (1
Basis for Col (A)=J| 3 || 11]]|7]|}
7




Exercise: 1 c(1Contd.)

For Nul (A) we need reduced row e

elon form;

basis (linearly independent spanning set) for the null space
of A is consists of

— —

11| -1]
-3

| O | withx,,x; being free varaibles

~




Example For the 4 x 5 matrix

=2 =5 8 0 -17

1 3 -5 1 5
A=

3 11 <19 7 1

1 7 =13 § 3

find bases for col(A), nul(4), and row(4).

Solution From earlier work that we have done, we know how to find bases for col(A4)

and nul(A4).
Since
T -8 B @-a7 |[[ 10 3% T |
| 13 515 ||o1-203
3 i 4o F i 00 0 1 -5
1 7 —i3 5 -3 00 0 0 O

we see that the first, second, and fourth columns of A are the pivot columns of A.
We also know that the pivot columns of A form a basis for col(A4). Thus, col(4) is
three—dimensional and a basis for col(4) is

~

=3
3
11
7

~N = O

N

\




Example (Contd.)

To find a basis for nul(A4), we observe that every solution of AX = 04 has the form

= - —s—t -1 -1
X1
—3s + 2t 2 -3
X2 .
X = = t =7 1 + 0
X3
35 0 3
X4
— = S 0 |
Therefore, nul(A) is two—dimensional and a basis for nul(A4) is
a8 T T s 15
-1 -1
2 -3

S O -
—_—tn O
B4l




Another way of finding row (A)

To find a basis for row(4), we use the fact that row(4) = col(4T). Observing that

AT =

we see that the first, second, and fourth columns of AT are the pivot columns of A”.

8
0
= Wi

1 3 |
3 4. 7
-3 =19 —13
| 5
3 1 =3

OO O

S O L e Q

(B

-
0
0

0

& e O O

0

Therefore, col(AT) = row(4) is three—dimensional and a basis for

col(4T) = row(4) is

3 1 8 1)
-2 | 1
=5 3 {

< 8 —5 —13 e
0 1 5

J o s8T | L F ] L =2




Summary
* The null space of an m x n matrix, A, denoted

by nul (A) is the set of all solutions, x, of the
equation Ax = 0.

* The column space of an m x n matrix, A,
denoted by col (A) is the set of all linear
combinations of the column vectors of A.

* The row space of an m x n matrix, A, denoted
by row (A) is the set of all linear combinations
of the row vectors of A.



Summary (Contd.)
Here are some basic observations about the
row space, column space, and null space:

1. If Ais an m x n matrix, then col (A) is a subspace of
R™ and row (A) is a subspace of R". In particular, col
(A) is the span of the columns of A and row (A) is the

span of the rows of A.

2. If Ais an m x n matrix, then
dim(col (A)) + dim(nul (A)) = n.
n = total number of columns in A

3. If Ais an m x n matrix, then row (A) = col (A" ) and
col (A) = row(AT).



Rank of a Matrix

The rank of a matrix is defined as

(a) Maximum number of independent rows in a matrix
(i.e., rows that are not linear combinations of other
rows) or

(b) the maximum number of linearly independent
column vectors in the matrix

= |f the rank of a square matrix is less than its dimension
then the matrix is singular i.e. not invertible, implying
there can be two cases:
* Infinite number of solutions

* No solutions



Example:1

The rank of a matrix A, written as r(A), is the
maximum number of linearly independent row

vectors of a matrix A.

Since; R2=2R1
Answer: r(A) = 2




Rank: Facts (Contd.)

= A and its transpose A" have the same rank.

= Row-equivalent matrices have the same rank.

= The rank of a matrix would be zero only if the matrix
had no elements. If a matrix had even one element,

its minimum rank would be one.
*For an m x n matrix,

- If mis less than n, then the maximum rank of the matrix
IS m.

- If mis greater than n, then the maximum rank of the
matrix is n.



Examples

1. If Ais 7 x5 matrix what is the largest possible rank of A ?

Solution: Since Ais 7 x 5 i.e. number of rows (m = 7) are
greater than number of columns (n =5), so maximum
rank of matrix can only be equal to ni.e. 5.

2. If Ais 5 x 7 matrix what is the largest possible rank of A ?

Solution: Since A is 5 x 7 i.e. number of rows (m = 5) are
less than number of columns (n = 7), so maximum rank
of matrix can only be equal to mi.e. 5.



Example: 2 (A) 0
Compute the rank of matrix A (B) 1

1 2 4 4 (C)2

A — (D) 3
3 4 8 0

- - (E) 4

= Since the matrix has more than zero elements, its rank
must be greater than zero.

= And since it has fewer rows than columns, its maximum
rank is equal to the maximum number of linearly
independent rows.

= And because neither row is linearly dependent on the
other row, the matrix has 2 linearly independent rows;
so its rank is 2.



Example: 3
Compute the rank of matrix A (A) 0
1 2 3 (B) 1
2 3 5 (C) 2
A =
3 4 7 (D) 3
4 S 9 (E) 4

= Since the matrix has more than zero elements, its rank must be
greater than zero. And since it has fewer columns than rows, its
maximum rank is equal to the maximum number of linearly
independent columns.

= Columns 1 and 2 are independent, because neither can be
derived as a scalar multiple of the other. However, column 3 is
linearly dependent on columns 1 and 2, because column 3 is equal
to column 1 plus column 2. That leaves the matrix with a
maximum of two linearly independent columns; e.g., column 1
and column 2. So the matrix rank is 2.



Full Rank Matrices

* When all of the vectors in a matrix are linearly
independent, the matrix is said to be full rank.
Consider the matrices A and B below.

1 0 2]
A= B=[2 1 0
3 2 1

= Notice that row 2 of matrix A is a scalar multiple of row 1;
that is, row 2 is equal to twice row 1.

» Therefore, rows 1 and 2 are linearly dependent.

= Matrix A has only one linearly independent row, so its
rank is 1. Hence, matrix A is not full rank.



Full Rank Matrices (Contd.)

o
1
W N -

0 27
1 0
2 1

= Now, look at matrix B. All of its rows are linearly
independent, so the rank of matrix B is 3.

= Matrix B is full rank.

= Note all invertible i.e. non-singular matrices will have
full rank, as for such matrices all row or column vectors

are linearly independent.



Computing Rank of a matrix

= The easiest way to compute the rank of a matrix
A is given by the Gauss elimination method.

= The row-echelon form of A produced by the
Gauss algorithm has the same rank as A, and

» |ts rank can be read off as the number of

non-zero rows or in other words number of pivot
columns in A.



Example: 4

Consider for example the 4-by-4 matrix

2 4 1 3
-1 <2 1 i

= 0 0 2 21
3 6 2 5

It can be noted that:
*» The second column is twice the first column, and

» that the fourth column equals the sum of the first and

the third.

» Therefore; first and the third columns are linearly

independent, so the rank of A is two.



Example: 4 (Contd.)

 This can be confirmed with the Gauss
algorithm. It produces the following row
echelon form of A:

12 12 32
0 0 1 1
A =
0 0 0 0
00 0 o0

Which has two non-zero rows, so the rank of A is
two.



Exercise: 1

0 1 2
Compute therank of matrixA 4—-(1 2 1
2 7 8

Rank of the matrix can be computed with the Gauss
algorithm. It produces the following row echelon
form of A

row echelon non-zero rows, so the

rank of A is two.

& &

2 1
1 9 Which has two
0 0




Exercise: 1 (Contd.)

0 1 2
A=[1 2 1
2 7 8

It can be noted that:
= Row 1 and Row 2 of matrix A are linearly independent.

= However, Row 3 is a linear combination of Rows 1 and 2.
Specifically, Row 3 =3*( Row 1) + 2*( Row 2). .
= Therefore, matrix A has only two independent row

vectors, so the rank of A is two.



Exercise: 2

Compute the rank of matrix A

1 3 2 0 1 0
-1 -1 -1 1 0 1
0O 4 2 4 3 3

0 0

1 3 2 -2

Rank of the matrix can be computed with the Gauss algorithm.
It produces the following row echelon form of A

2 0 1 0] Whichhasfour

1 -1 0 1 noNn-zero rows,

0 27 1 0 so the rank of A
o o o 1| Isfour

A —

row echelon

S & N W

o o o =




Rank Theorem

The dimensions of the column space and the row space
of a m x n matrix A are equal. This common dimension
i.e. rank of A, also equals the pivot positions in A and
satisfies the equation:

rank A+dim Nul A=n
Here;

Dim null A (Dimension of null space or nullity) : Number

of free variables in the equation Ax=0 or in other terms the

number of columns of A that are not pivot columns.

n = number of columns of A



Examples

1. IfAis 7 x 9 matrix with a two dimensional null

space, what is the rank of A ?

Solution: Since A has 9 columns. Therefore, using

Rank Theorem:
rank A+ dim NulA =9
rank A+2=9
rank A=7

= Notethat Ais 7 x 9i.e. number of rows (m =7) are
less than number of columns (n = 9), so maximum

rank of matrix can only be equal to mi.e. 7.



Examples (Contd.)

2. Could a 6 x 9 matrix A have a two dimensional null
space ?
Solution: If A has a two dimensional null space,
then according to Rank Theorem it would have to
have a rank of 7. But the columns of A are in R®, so
maximum rank of matrix can not exceed 6. Thus,

dim Nul A is at least 3, since A has 9 columns.



Examples (Contd.)

3. If Ais a 6 x 8 matrix, what is the smallest possible

dimensional null space i.e. dim Null A?

Solution: If Note that A is 6 x 8 i.e. number of rows (m
= 6) are less than number of columns (n = 8), so
maximum rank of matrix can only be equal to m i.e. 6.
Since, smallest possible dimensional null space i.e. dim
Null A will occur when rank is maximum i.e. equal to 6.

Therefore, by Rank Theorem,

Dim NullA=8-6=2



Example: 5
Compute rank and dimension of null space (i.e.
nullity or dim Nul A) of matrix A.

1
-1
S

A=

4 9
2 -4
-6 10

=7 |
1
7

Now performing Gauss elimination to obtain Row echelon form:

1 -4 9 -7]
R1+R2
A=(-1 2 -4 1>
5 -6 10 7 | PR *R,

1 -4
0 -2
0 14

9
S

-7 ]
-6

35 42

7R *R,
-—>

1 -4
0 -2
0 0

9
S
0

-7
-6
0

Since, number of non-zero rows are 2, so the rank of A is 2.

Therefore, by Rank theorem, dim NulA=4-2=2




Compute rank and dimension of null space (i.e.

Example: 6

nullity or dim Nul A) of matrix A.

Now performing Gauss elimination to obtain Row echelon form:

1 -3
-2
-3
3 -9

6
9

4 -1 9
-6 -1 -10
-6 -6 -3
4 9 0

2R +R, 1 -3 4 -1 9
O (0] 2 -3 8
3R+R, =—=
LR O (0] 6 -9 24
3R, *R, 0 [0o|-8 12 -27
Non-pivot column




Example: 6 (contd.)

1 -3 4 -1 9|

-3R2+R3
. 0 0 2 -3 8
WRAR, T"lo 0o 0 o 0
0 0 0 0 5 |

Since, rows of zeros should be at bottom of row echelon form

1 -3 4 -1 9|
2R1+R2
. 0 0 2 -3 8
SRR Tl 0 0 o] 5 ool
-3R +R 0 0 0 0 0 on-pivot column
1 4 - \:/

Since, number of non-zero rows are 1, so the rank of A is 3.
Therefore, by Rank theorem, dim NulA=5-3=2



Applications

* One useful application of calculating the rank
of a matrix is the computation of the number
of solutions of a system of linear equations.

e A system of linear equations has a solution if

the rank of the augmented matrix is equal to

the rank of the coefficient matrix.

e Why?



Applications(contd.)

* Because the only way for a system to
have no solutions is for the augmented matrix

in echelon form to have as its last nonzero
row

[0...0c] withc#0.

e But now the rank of the augmented matrix is
greater than the rank of the coefficient matrix.

* So if the ranks are equal, it means that this

case i.e. inconsistent system cannot arise, and
system must have at least one solution.



Solve the linear system

Example: Inconsistent System

3x1+x2-x3=2

xl-x2+x3=2

2x1-x2+x3=6

A=

3
1
2

1
-1
-1

0 At first, computing rank of coefficient matrix by
reducing it to row echelon form:

-1
1
1

R SR,

1
R
2

-1
1
-1

1
-1
1

3R 4R,
2R 1+R3

1
0
0

-1
4
1

1
-4
-1

1
0

0

-1
1
0

1
-1
0

Since, number of non-zero rows are 2, so the rank of
COEFFICIENT Matrix is 2.




Example: Inconsistent System (contd.)

0 Now computing rank of augmented matrix by reducing
it to row echelon form:

R, & R,

1
R
2

-1
1
-1

1
-1
1

2
2
6

-3R 1+R2

- — >
-2R1+R3

1
0

0

-1
4
1

1
-4
-1

R24-D R3

-4R +R,

Since, number of non-zero rows are 3, so the rank of
AUGMENTED Matrix is 3.

But now the rank of the augmented matrix (i.e. 3) is greater
than the rank of the coefficient matrix (i.e. 2), implying an
inconsistent solution i.e. no solution.




Applications(contd.)

= |f the rank of the augmented matrix is equal to

the rank of the coefficient matrix, then

* The solution is unique if and only if the rank
equals the number of variables. For example
consider following system:

3x1 TXy T X = 2 Row Echelon |1 -1 1]
xl_x2+x3:2 _# 0 4 -4 |=—=> Rank =3

Coefficient

2%, +2x,+ X, =6 i 0 0 3




augm

Row Echelon

—_—

Augmented
matrix

Applications(contd.)

1 -1 1) 2
0 1 -1)-1
00 1|2

=> Rank =3

= Note that row echelon form has no non-zero rows, so
the rank of A is three, implying rank equals the
number of variables i.e. there are no free variables.



Applications(contd.)

» |f the rank of the augmented matrix is equal_to

the rank of the coefficient matrix, then the solution

is unique if and only if the rank equals the number of

variables.

* Otherwise the general solution has k free
variables where k is the difference between
the number of variables and the rank. For

example consider following system

2x,+ 4x,— 2x,= 0
3x, + Sx, = 1



Applications(contd.)

Row Echelon
2x,+ 4x,— 2x,= 0 —_— 1 2 -1 s Rank =2
3x,+ 5x, = 1 coefficient 0 1 -3
matrix
Row Echelon
:|:2 4 -2 O:| _ﬁ {1 2 -1 0}=>Rank=2
wem 13 5 01| Augmented |0 1 -3 -1

matrix

= Note that row echelon form of both coefficient &
augmented matrix have two non-zero rows, so the rank of
A is two, implying difference between the number of
variables and the rank is 1. i.e. there is one free variable,
namely Xx,.



Summary: Rank of matrix

= Defined as number of linearly independent
rows (or columns)

= Matrix is full rank if all rows (columns) linearly
independent

= Rank is reduced if rows are linearly dependent

= Quick check of rank of matrix, calculate
determinant, if O, it implies linear
dependence, then matrix is not of full rank



Equivalent Statements

If Ais a nxninvertible matrix, then

a) The column vectors of A are linearly independent.
b) The row vectors of A are linearly independent.

c) The column vectors of A span R".

d) The row vectors of A span R".

¢) The column vectors of A form a basis for R".

f) The row vectors of A form a basis for R".
p) Ahasrankn.
q) A has nullity 0.



